The equivalence from the point of view of the Hamiltonian path integral quantization between a higher derivative extension of Maxwell-ChernSimons Proca model and some gauge invariant theories is investigated in the framework of gauge unfixing approach. The Hamiltonian path integrals of the first-class systems take manifestly Lorentz-covariant forms.
Introduction
The quantization of a second-class constrained system can be achieved by the reformulation of the original theory as a first-class one and then quantizing the resulting first-class theory. This quantization procedure was applied to various models [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] using a variety of methods to replace the original second-class model to an equivalent model in which only first-class constraints appear. The conversion of the original second-class system into equivalent theories which have gauge invariance can be accomplished without enlarging the phase space starting from the possibility of interpreting a second-class constraints set as resulting from a gauge-fixing procedure of a first-class constraints one and "undo" gauge-fixing [17] [18] [19] [20] [21] . Another method to construct the equivalent first-class theory relies on an appropriate extension of the original phase space through the introduction of some new variables. The first-class constraint set and the firstclass Hamiltonian are constructed as power series in the new variables [22] [23] [24] .
Various aspects of the equivalence [25] between self-dual model [26] and Maxwell-Chern-Simons (MCS) [27] have been studied using one of the two methods mentioned in the above [16, 28, 29] . In [30, 31] one finds generalizations that involve both the Maxwell and Chern-Simons terms [25] [26] [27] . In the first part of this paper we investigate the MCS-Proca model [31] [32] [33] [34] 
from the point of view of the Hamiltonian quantization using the gauge-unfixing (GU) approach. A generalization of the Proca action for a massive vector field with derivative self-interactions in D = 4 has been constructed in [35] . In the second part we consider a higher order extension of the MCS-Proca model (which contains higher-order derivatives involving CS term) described by Lagrangian action
and we apply the same quantization procedure. The paper is organized in four sections. In section 2, starting from MCSProca model we construct an equivalent first-class model using gauge-unfixing method and meanwhile we obtain the path integral corresponding to the firstclass system associated with this model. The gauge-unfixing method relies on separating the second-class constraints into two subsets, one of them being firstclass and the other one providing some canonical gauge conditions for the firstclass subset. Starting from the canonical Hamiltonian of the original secondclass system, we construct a first-class Hamiltonian with respect to the firstclass subset through an operator that projects any smooth function defined on the phase space into an application that is in strong involution with the firstclass subset. In section 3 we exemplify in detail the gauge-unfixing method on extended MCS-Proca (MECS-Proca) model and construct the path integral of the equivalent first-class systems associated with this second-class theory. Section 4 ends the paper with the main conclusions.
The MCS-Proca model
The MCS-Proca model is described by the Lagrangian action (1) where a and b are some real constants. We work with the Minkowski metric tensor of 'mostly minus' signature σ µν = σ µν = diag(+ − −). The canonical analysis [36, 37] of the model described by the Lagrangian action (1) displays the second-class constraints (scc)
and the canonical Hamiltonian
where p µ are the canonical momenta conjugated with the fields A µ . The number of physical degrees of freedom [19] of the orginal system is equal to
The same result with respect to the number of degrees of freedom is obtained in [33] . Moreover, in [33] it is shown that the MCS-Proca model describes a topological mass mix with two massive degrees of freedom, with masses √ b 2 + m 2 ± |b|.
According to the GU method we consider (4) as the first-class constraint (fcc) set and the remaining constraints (3) as the corresponding canonical gauge conditions. Further we redefine the first-class constraint as
The other choice, considering (3) as the first-class constraint set and the remaining constraints (4) as the corresponding canonical gauge conditions, yields a path integral that cannot be written (after integrating out auxiliary variables) in a manifestly covariant form [10, 13] . The next step of the GU approach is represented by the construction of a first-class Hamiltonian with respect to (7) . The first-class Hamiltonian H GU is given by
Making the notationλ ≡Ā 0
the argument of the exponential takes the form
In terms of the notationsĀ µ ≡ Ā 0 , A i , the last functional reads as
The functional (18) associated with the first-class system takes a manifestly Lorentz covariant form and describes the (Lagrangian) Stückelberg coupling between the scalar field ϕ and the 1-formĀ µ [39] .
The MCS-Proca model can be correlated to another first-class theory whose field spectrum comprise two types of 1-form gauge fields. For this purpose we consider the following fields/momenta combinations
which are in (strong) involution with the first-class constraint (7)
We observe that the first-class Hamiltonian (8) can be written in terms of these gauge invariant quantities
By direct computation we find that
and satisfy the equations
Enlarging the phase space by adding the bosonic fields/momenta {V µ , P µ }, we can write the solution to (24) as
When we replace (27) in (7) the constraint takes the form
and remains first-class. From the gauge transformation of the quantity ∂ i p 0 we obtain that
In this moment we have a dynamical system with phase space locally parametrized by {A i , p i , V µ , P µ }, subject to the first-class constraints (28) and too many degrees of freedom
In order to cut the two extra degrees of freedom, we add to the first-class constraint set (28) two new first-class constraints
and we obtain a first-class system with a right number of physical degrees of freedom
Using (27) and (29) in (8), we obtain for the first-class Hamiltonian the following form
For the first-class system endorsed with the phase space parameterized by {A µ , p µ } and subject to the first-class constraints (7), the fundamental classical observables read as
j }, and for that with the phase space parameterized by {A i , p i , V µ , P µ } and subject to the first-class constraints (28) and (31) the fundamental classical observables are
As the number of physical degrees of freedom is the same for both theories and we can identify a set of fundamental classical observables (such that they are in one to one correspondence and they possess the same Poisson brackets) the first-class theories are equivalent. As a result, the GU and the first-class systems remain equivalent also at the level of the Hamiltonian path integral quantization. This further implies that the first-class system is completely equivalent with the original second-class theory. Due to this equivalence we can replace the Hamiltonian path integral of MCS-Proca model with that one associated with the first-class system
If we perform in path integral the transformation
and partial integrations over {V 0 , p i , P 0 , P i , λ (1) }, the argument of the exponential becomes
In terms of the notationsλ
the argument of the exponential takes a a manifestly Lorentz covariant form
The functional (38) associated with the first-class system describes a Chern-Simons coupling between the two 1-formsĀ µ andV µ [40] .
If we set in (1) a = 1 and b = 0, we find Proca model [10] and for a = 0 and b = 1 we obtain self-dual model [26] . It has shown [10, 13, 15] that from the point of view of Hamiltonian path integral quantization the Proca model is equivalent with a gauge theory described by
or, for a suitable extension of the phase space, with first-class theory
In [16] it has proved that the self-dual model is conected to a first-class theory whose exponent of the exponential from Hamiltonian path integral takes a manifestly Lorentz-covariant form
or
Setting a = 1 and b = 0 in the functionals (18) and (38) we arrive at (39) and repectively (40) . In principle, the functional (41) can be obtained from (18) setting a = 0 and b = 1, but this is not a possible choice because the parameter a should be allways nonzero. The same remark can be done regarding the functionals (38) and (42).
The MECS-Proca model
In order to construct an equivalent first-class system starting from the MECSProca model in the framework of the GU approach we need to know the structure of the constraints set of the model. As the second term in the action (2) contains higher derivative terms ∂ λ ∂ λ A µ , the canonical analysis will be done by a variant of Ostrogradskii method [41] [42] [43] [44] [45] developed in [46] based on an equivalent first order formalism [47] and applied to a number of particle and field theoretic models [46, [48] [49] [50] . The method consists in converting the original higher derivative theory to an equivalent first order theory by introducing new fields to account for higher derivative terms. In the equivalent first order formalism we define the variabiles B µ as
and enforce the Lagrangian constraints
by Lagrange multiplier ξ
The canonical analysis of the model described by the first order Lagrangian (45) displays the irreducible second-class constraints
where {p µ , π µ , Π µ } are the canonical momenta conjugated with the fields {A µ , B µ , ξ µ }. The nonzero Poisson brackets among the constraints functions read as
The number of physical degrees of freedom of the orginal system is equal tō
We notice that the number of physical degrees of freedom of the extended model is higher than the number of physical degrees of freedom of the MCS-Proca modelN
This result was expected due to the higher derivative nature of the MECS-Proca model.
Imposing the constraints Φ (ξ) µ ≈ 0 and Φ (A)µ ≈ 0 strongly zero and eliminating the unphysical sector ξ µ and Π µ (the reduced phase space is locally parametrized by {A µ , B µ , p µ , π µ }) we arrive at a system subject to the secondclass constraints
The nontrivial Poisson brackets between the constraints functions are listed bellow
while the canonical Hamiltonian (53) takes the form
If we make the following linear combination of the constraints χ (2) ≈ 0 and χ
the matrix of the Poisson bracket among the constraint functions becomes
Analyzing the above matrix we find that the constraints χ
(1) i ≈ 0 generate a submatrix (of the matrix of the Poisson brackets among the constraint functions) of maximum rank, therefore they form a subset of irreducible second-class constraints. Thus in the sequel we examine from the point of view of the GU method only the constraints χ A ≡ χ (1) , χ (2) , χ (3) , χ (4) ≈ 0.
Stückelberg-like coupling
The second-class constraints set χ A ≈ 0 cannot be straightforwardly separated in two subsets such that one of them being first-class and the other providing some canonical gauge conditions for the first-class subset. To make this possible we write the constraints set in an equivalent form
where E AB is an invertible matrix
The concrete form of the constraints χ
with the matrix of the Poisson brackets among the constraint functions expressed by
According to the GU method we consider G a ≡ χ ′(1) , χ ′(3) ≈ 0 as the firstclass constraints set and the remaining constraints C a ≡ χ ′(2) , χ ′(4) ≈ 0 as the corresponding canonical gauge conditions. In [18] it has proved that for a dynamical system subject to the second-class constraints {χ α0 ≈ 0} α0=1,2M0 , the subsets {χ 1 , χ 2 , . . . , χ M0 } and {χ 1 , χ 2 , . . . , χ M0−1 , χ M0+1 } of the full set of constraints are first-class sets on Σ 2M0 . Our choice corresponds to the second first-class subset.
Starting from the canonical Hamiltonian of the original second-class system we construct a first-class Hamiltonian with respect to the first-class subset in two steps [20] . First, we construct the first-class Hamiltonian with respect to the constraint G 1 ≈ 0
and then with this at hand we obtain the first-class Hamiltonian with respect to the constraint G 2 ≈ 0
The number of physical degrees of freedom of the dynamical system with the phase space locally parametrized by {A µ , B µ , p µ , π µ } subject to the second-class constraints (63) and first-class constraints (78) and (80) and whose evolution is governed by the first-class Hamiltonian (84) is equal tō
Based on the equivalence between the first-class system and the original secondclass theory, we replace the Hamiltonian path integral of the MECS-Proca model with that of the first-class system. The Hamiltonian path integral for the firstclass system constructed in the above reads as
where the integration measure 'µ ([A µ ], [B µ ])' includes some suitable canonical gauge conditions. Performing partial integration over the momenta π i in the path integral we get to the argument of the exponential in the form
Integration over p i leads to a δ function of the form
which permits calculation of the integral over B i . Performing partial integration over Lagrange multiplier λ (2) and momentum π 0 , the argument of the exponential becomes
Making the notation
and integrating over Lagrange multiplier λ (1) , the argument of the exponential from the Hamiltonian path integral reads as
The functional (91) takes a manifestly Lorentz-covariant form
whereĀ µ = Ā 0 , A i and describes a (Lagrangian) Stückelberg-like coupling between the scalar field ϕ and the 1-formĀ µ .
Chern-Simons-like coupling
In the sequel we show that the MECS-Proca model may be related to another first-class theory. Starting from the GU system constructed in the above, subject to the second-class constraints (63) and the first-class constraints (78) and (80) and whose evolution is governed by the first-class Hamiltonian (84) we consider the following field combinations
which are in (strong) involution with first-class constraints G a ≈ 0
and moreover
Similarly to the case of the MCS-Proca model, the first-class Hamiltonian (84) can be written in terms of these quantities
In order to write the solution to equation (96) we enlarge the phase space by adding the bosonic fields/momenta {V µ , P µ }
When we replace (98) in (78) the constraint takes the form
and remains first-class. Computing the Poisson bracket among the quantity ∂ i p 0 and first-class constraint (78) and the Poisson bracket between P i and (99) we obtain that these two quantities are corelated through the relation
Using (98) and (100) we write the first-class Hamiltonian as
If we count the number of physical degrees of freedom of the system with the phase space locally parametrized by A i , B µ , V µ , p i , π µ , P µ subject to the second-class constraints (63) and first-class constraints (80) and (99) and whose evolution is governed by the first-class Hamiltonian (101), we obtain
Imposing the first-class constraints
the number of physical degrees of freedom is conserved
For each first-class theory, derived in the above, we are able to identify a set of fundamental classical observables such that they are in one to one correspondence and they possess the same Poisson brackets. The previously exposed procedure preserves the equivalence between two first-class theories since the number of physical degrees of freedom is the same for both theories and the corresponding algebras of classical observables are isomorphic. As a result, the GU and the first-class system remain equivalent also at the level of the Hamiltonian path integral quantization. This further implies that the first-class system is completely equivalent with the MECS-Proca model. Due to this equivalence we can replace the Hamiltonian path integral of the MECS-Proca model with that associated with the first-class system
After a partial integration over the momenta π i in the path integral the argument of the exponential read as
which permits calculation of the integral over B i . Performing partial integration over the field V 0 , momenta {π 0 , P 0 , P i } and Lagrange multipliers {λ (2) , λ (3) }, the argument of the exponential from the Hamiltonian path integral takes the form
Using the notation
the argument of the exponential from the Hamiltonian path integral reads as
The functional (110) takes a manifestly Lorentz-covariant form
whereĀ µ = Ā 0 , A i andV µ = V 0 , V i . The above functional describes a (Lagrangian) Chern-Simons-like coupling between the 1-formĀ µ and the 1-form V µ .
Conclusion
In this paper the MCS-Proca model and a higher order derivative extension of it have been analyzed from the point of view of the Hamiltonian path integral quantization, in the framework of gauge-unfixing approach. The first step of this approach is represented by the construction of an equivalent first-class system. In order to construct the equivalent first-class system with MECS-Proca model we realize a partial gauge-unfixing (we maintain the second-class constraints (63)), meanwhile in the case of the MCS-Proca model we accomplish a total gauge-unfixing. The second step involves the construction of the Hamiltonian path integral corresponding to the equivalent first-class system for each model. The construction of the equivalent first-class system does not require an extension of the original phase space. The Hamiltonian path integral of the first-class systems takes a manifestly Lorentz-covariant form after integrating out the auxiliary fields and performing some field redefinitions. In order to obtain a manifestly covariant path integral it is not mandatory to enlarge the phase space adding extra fields. When we work in the original phase space, we obtain the Lagrangian path integral corresponding to Stückelberg-like coupling between a scalar field and 1-form, while the extension of the phase space leads to the Lagrangian path integral for two kinds of 1-forms with Chern-Simons-like coupling.
